Abstract. We prove that if X ⊂ P N has dimension k and it is r-Buchsbaum with r > max (codim X − k, 0), then X is contained in at most one variety of minimal degree and dimension k + 1.
Introduction
The purpose of this paper is to compute how many varieties of minimal degree and dimension k + 1 contain a given scheme X ⊂ P N of dimension k ≥ 1. If X is arithmetically Buchsbaum, then there might be more than one variety of minimal degree containing it, but in this paper we prove that if X is r-Buchsbaum with r > max (codim X − k, 0), then X is contained in at most one variety of minimal degree and dimension k + 1 (see Corollary 4.10 and Theorem 4.9). In this case, the only varieties of minimal degree that can contain X are rational normal scrolls, so this paper is mostly devoted to the study of divisors on rational normal scrolls. We would like to point out that the bound r > max (codim X − k, 0) cannot be improved in general (see Remark 4.11) .
To address this problem we will study the structure of the deficiency modules of X. As J. Migliore introduced them in [10] , the structure of the deficiency modules can be studied by looking at certain varieties in P N * . We will prove that the structure of the deficiency modules of a divisor on a rational normal scroll is strongly determined by the rational normal scroll containing it.
J. Migliore used the study of the structure of deficiency modules to classify unions of linear varieties in terms of liaison theory (see [10] and [11] ). In this paper, we also use liaison theory as a tool and we also give consequences of our results in terms of liaison. Now we outline the structure of the paper. In the following section we introduce the notation and the preliminaries on the structure of deficiency modules that we will use later. Section 3 is devoted to the study of the structure of deficiency modules of non-connected schemes and contains useful results on this subject. The last section contains the main results of this paper.
The results in this paper are part of my Ph.D. thesis [3] . I would like to thank my advisor, Prof. R.M. Miró-Roig, for checking these results so carefully and for all her fruitful advice, and I'd like to acknowledge Prof. E. Casas-Alvero for suggesting this problem to me.
Notation and preliminaries
Throughout this paper, P N will be the N -dimensional projective space over an algebraically closed field K of characteristic zero, and we will denote by R the ring R = K[X 0 , . . . , X N ]. By a subscheme V ⊂ P N we mean an equidimensional closed subscheme. If V ⊂ P N is a subscheme, we denote by I V its ideal sheaf and by I(V ) its saturated homogeneous ideal; note that I(V ) = t∈Z H 0 (P N , I V (t)). Most of the background needed in this paper can be found in the book of J. Migliore [12] . In order to make this paper more self-contained, we recall some of this background here.
Given a closed subscheme V ⊂ P N of dimension d ≥ 1, we define its deficiency modules as
The first deficiency module M 1 (V ) is also called the Rao module (or Hartshorne-Rao module). As we will see, these modules give us a lot of geometric information about the scheme. We recall that a scheme of dimension ≥ 1 is locally Cohen-Macaulay if and only if all of its deficiency modules have finite length (see [12] , Theorem 1.2.5). From now on, all the schemes we consider will be locally Cohen-Macaulay. Any locally Cohen-Macaulay scheme is r-Buchsbaum for some r ≥ 0. As the definition of r-Buchsbaum is somewhat inconsistent in the literature, we adopt the definition given in [14] : Definition 2.1. Let X ⊂ P N be a locally Cohen-Macaulay subscheme of dimension ≥ 1. We say that X is r-Buchsbaum if r is the least integer such that m r annihilates all the deficiency modules M i (X), i = 1, . . . , dim X. We will also say that r is the Ellia-Migliore-MiróRoig number of X.
Notice that arithmetically Cohen-Macaulay schemes (briefly ACM) and 0-Buchsbaum schemes coincide, and any arithmetically Buchsbaum scheme not arithmetically Cohen-Macaulay is 1-Buchsbaum. For curves, the converse also holds: a curve C ⊂ P n is 1-Buchsbaum if and only if it is arithmetically Buchsbaum but not ACM; but this is no longer true in higher dimension (see for instance [13] , Example 7.14). The reader can look at the paper of L.T. Hoa, R.M. Miró-Roig and W. Vogel [7] , where a definition concerning the preservation of the r-Buchsbaum property under hyperplane sections is given.
In order to study the module structure of the deficiency modules of a subscheme X ⊂ P N of dimension k ≥ 1, we shall consider the following invariants introduced in [10] :
For any linear form L ∈ R 1 , any n ∈ Z and any i = 1, . . . , k, we consider the homomorphism of K-vector spaces induced by I X (n)
The collection of homomorphisms
n ∈ Z, determines the module structure of M i (X) (for i = 1, . . . , k). We will be mainly interested in φ 1 n (L) (resp. φ 1 n ), which we will denote simply as φ n (L) (resp. φ n ), and we will specify the scheme X as φ X n (L) (resp. φ X n ) if there is danger of ambiguity. We can also consider the degeneracy loci of φ n and we can identify them with subvarieties of the dual projective space (P N ) * . We define
. So, if we set s n := max{j | V n, j (P N ) * }, we can define V n := V n,sn (or we will be more specific, referring to V n,j (X) and V n (X) when necessary).
Whereas the φ n are not invariants up to isomorphism of M 1 (X), the loci V n, j (and hence V n ) are isomorphism invariants, and they are preserved under shift (reindexing) and dual (M 1 (X) ∨ has degeneracy loci V ∨ n, j = V −n−1, j ). These invariants were introduced and deeply studied in [10] (the reader can also see the book of J. Migliore [12] , sections 1.1 and 5.5). In the rest of the paper we will see that these invariants are strongly related to the geometry of the scheme we are considering.
We fix some more notation here: for any linear form L ∈ R 1 , we denote by H L the hyperplane defined by L. For any scheme X ⊂ P N of dimension k ≥ 1, let U X be the following open subset of (P N ) * :
If Z is any closed subscheme of P N , we denote by Z the span of Z, i.e., the least linear subspace of P N containing Z as a subscheme. 
In particular, by the Hartshorne-Schenzel Theorem 2.2, the invariants V n,r introduced above are invariants of a given even G-liaison class (in fact, they are also invariants of CI-liaison classes).
The structure of deficiency modules
Using the notation introduced in section 2, we first state a generalized version of [10] , Proposition 2.1:
Proof. Since L * ∈ U X , we have an exact sequence of sheaves
for all n ∈ Z and analogously for any M * ∈ U X . Taking cohomology in (1) and cutting it, we get
The following lemma tells us what happens when L * does not belong to U X as long as X is a non-connected subscheme:
Proof. We observe first that, since X is a non-connected scheme, M 1 (X) 0 = 0 (see [12] , Theorem 1.2.6). For a general M ∈ R 1 we have the exact sequence of sheaves
that induces the exact sequence on cohomology
Since, by assumption, X ∩ H M is non-degenerate, we obtain that Ker φ 0 (M ) = 0, and since M 1 (X) 0 = 0, it makes sense to study V 0 . In particular, for a general M ∈ R 1 , φ 0 (M ) is a vector space homomorphism which has rank equal to dim K M 1 (X) 0 . Now we come to the study of rk φ 0 (L) when H L contains Y i for some i. We want to prove that φ 0 (L) has a non-trivial kernel. Without loss of generality, we may assume that H L ⊃ Y 1 , and we write X = Y 1 ∪ Z with Z = r i=2 Y i . As usual, we have the exact sequence
so the exact sequence above induces (sheafifying and taking cohomology) the following exact sequence of R-modules:
We can also consider the multiplication by L, so that this exact sequence (in degrees 0 and 1) leads to the following commutative diagram with exact rows:
In particular, by the snake lemma, we have an exact sequence 1 is the zero map and Ker (×L) ∼ = K. But then from (3) we can deduce that Ker φ 0 (L) = 0, and hence rk φ 0 (L) < rk φ 0 (M ) for a general M . Thus, L * ∈ V 0 , as we wanted to prove.
If X is a degenerate scheme, we have
Now we will see that for a non-connected reduced scheme X ⊂ P N having more connected components than codim X − dim X + 1, the hyperplanes H L ⊃ X are the only ones satisfying φ X 0 (L) = 0. Indeed, we have
. Assume that each Y i is reduced and connected and that n >
Proof. Let H M be a hyperplane not containing X, M ∈ R 1 . We first consider the case M * ∈ U X . In this case we have the following exact sequence on cohomology:
Then we could shorten the above sequence and obtain a short exact sequence:
As X is reduced and has n connected components, dim 
So ϕ is a surjective morphism of K-vector spaces (checking dimensions). Therefore, the morphism φ X 0 (M ) = ψ • ϕ is zero if and only if ψ = 0. But if ψ were the zero map, it would imply that h
, which contradicts the assumption n > N − 2k + 1. Hence, the lemma is proved.
Remark 3.5. It can be checked that Lemma 3.4 is still true if we change the assumption n > N − 2k + 1 to n > N − 2k + 1 − ε X , where ε X := h 0 (P N , I X (1)). However, the assumption n > N − 2k + 1 − ε X cannot be avoided: for instance, if we consider X ⊂ P 3 to be the disjoint union of two lines, then N = 3, k = 1, n = 2, ε X = 0, X is an arithmetically Buchsbaum scheme, and φ
Lemmas 3.3 and 3.4 suggest that if we consider two degenerate schemes with isomorphic deficiency modules, then there exists a close relation between the hyperplanes containing them. Indeed, when we restrict to the hypothesis of Lemma 3.4 we have
In particular, if X is degenerate and X is evenly G-linked to X, then n = n , X is degenerate and X = X .
Proof. Note that the assumption n > N
We first prove the assertion n = n . Since there exists
. But since X and X are reduced schemes, it follows that
). So t 0 = 0 and n = n . Now we will prove that the hyperplanes containing X and the hyperplanes con-
Furthermore, since X satisfies the hypothesis of Lemma 3.4, we deduce from this lemma that
Analogously, since n = n , X also satisfies the hypothesis of Lemmas 3.3 and 3.4, and we have
We know that the loci V 0, 0 are isomorphism invariants. Therefore V 0, 0 (X) = V 0, 0 (X ) or, equivalently,
Thus, X = X , which proves what we want. The last assertion of the proposition follows directly from the HartshorneSchenzel Theorem 2.2.
Remarks 3.7. (1) In [11], Remark 2.5, J. Migliore conjectured that "if C is any degenerate, not arithmetically Cohen-Macaulay curve in P 4 and C is in the same CI-liaison class of C in P 4 , then they lie in the same hyperplane and are CI-linked inside that hyperplane". The same statement in the G-liaison context is false in general (see [4] and [9] for examples of arithmetically Buchsbaum curves that do not satisfy this conjecture). However, due to Proposition 3.6 and the Rao Theorem for curves in P 3 , we have that the conjecture holds if C and C ⊂ P 4 are evenly linked reduced curves having more than 3 connected components (notice that by [2] , Theorem 2.3, C and C are not arithmetically Buchsbaum curves in this case).
(2) Once more, in Proposition 3.6, the assumption n > N − 2k + 1 cannot be avoided. Indeed, if we consider X ⊂ P 4 to be the disjoint union of two lines, then X is a degenerate arithmetically Buchsbaum scheme; but we know by [4] (or also [9] ) that X is G-linked to any other union of two skew lines in P 4 (not necessarily lying in the same P 3 ). If we change the assumption n > N − 2k + 1 to n > N − 2k +1− ε X as in Remark 3.5, then we can guarantee only that X ⊂ X , but not the equality X = X . In order to have X = X we need to verify also that n = n > N − 2k + 1 − ε X . For instance, if X and X are unions of 3 degenerate skew lines in P 4 , X ⊂ H, X ⊂ H , and we assume that X and X are evenly G-linked, X X , then we can ensure that X = X , because ε X = ε X and 3 > N − 2k + 1 − ε X = N − 2k + 1 − ε X = 2. But if we consider Y to be the non-degenerate union of 3 skew lines in P 4 , and we assume that X and Y are evenly G-linked, then we can only say that X = H ⊂ Y = P 4 , which is obvious.
Uniqueness of varieties of minimal degree containing a given scheme
It is known that any non-degenerate irreducible variety X ⊂ P N satisfies deg X ≥ codim X +1, and the varieties that attain this bound are called varieties of minimal degree. First of all we will be interested in one type of variety of minimal degree: rational normal scrolls. Concerning rational normal scrolls, we use the same notation as [6] : S(a 0 , . . . , a k ) ⊂ P N is a rational normal scroll of dimension k + 1 and degree c := a i in P N , N ≥ c + k. A rational normal scroll S = S(a 0 , . . . , a k ) is smooth if and only if a 0 > 0 or S = S(0, . . . , 0, 1) = P k+1 . Since we are not interested in divisors on P N , we will always exclude the case S = P k+1 , so when we refer to S smooth we will always mean a 0 > 0. The divisor class group of a rational normal scroll S = S(a 0 , . . . , a k ) ⊂ P c+k , k ≥ 1, is generated by the hyperplane section H and a linear subspace F ⊂ S of dimension k. The canonical class of S is
We will now apply the results of the previous section to divisors of rational normal scrolls. Since our schemes are assumed to be locally Cohen-Macaulay and we are not interested in studying arithmetically Cohen-Macaulay schemes, the rational normal scrolls we consider in this subsection will all be smooth: Remark 4.1. If X is a locally Cohen-Macaulay scheme but not an arithmetically Cohen-Macaualy scheme, then X cannot be contained on any singular rational normal scroll (see [3] , Remark 3.1.12).
We will use the following known result (see [3] , Lemmas 3.1.11 and 3.3.3, or [14] ) that allows us to quickly identify r-Buchsbaum divisors on a smooth rational normal scroll. 
To begin with the results of this section, we will give a way to decide whether the general hyperplane section of a disjoint union of linear varieties of dimension 
be a smooth rational normal scroll. An effective divisor Y ∼ bF on S is non-degenerate if and only if
Proof. Since S is non-degenerate and ACM, the exact sequence
gives an exact sequence on cohomology [6] Proof. First of all, note that since X is non-degenerate, applying Lemma 4.4 we get b ≥ a k + 1. We now distinguish two cases depending on the index of relative balance r(S) of S:
Case (1) We are now ready to state and prove the main results of this section. In what follows, the rational normal scrolls we consider are non-degenerate because the degenerate case can be avoided by Proposition 3.6. Remark 4.7. Under the hypothesis of this proposition, X cannot be an arithmetically Buchsbaum scheme in any case. Indeed, since X is linearly equivalent to nF in S and n > c − k + 1 ≥ a 0 + k − k + 1 (because S is smooth), we have that n ≥ a 0 + 2, and by Lemma 4.2 we obtain that X is r-Buchsbaum with r ≥ 2. Therefore, Proposition 4.6 does not contradict the results of [4] .
Proof of Proposition 4.6. Note first that since S is smooth and we have assumed n > c − k + 1, we have n > a k + k − k + 1 = a k + 1. Thus, by Lemma 4.4, X is non-degenerate.
We observe now that for any hyperplane H not containing any fiber of S, X∩H ⊂ H is non-degenerate. Indeed, the assumption n ≥ c − k + 2 implies n ≥ Suppose that n = n and X also lies on the rational normal scroll S. Then X is also linearly equivalent to nF , so X and X are evenly G-linked thanks to [8] , Corollary 5.13. In particular, by the Hartshorne-Schenzel Theorem 2.2, X and X have isomorphic Rao module up to some shift.
We are going to prove the converse. Assume that X and X have isomorphic Rao module, M 1 (X) ∼ = M 1 (X )(t) for some t ∈ Z. Since both M 1 (X) and M 1 (X ) start in degree 0, we have t = 0; and since
Notice that the general hyperplane section of X is non-degenerate. Indeed, let H L be a general hyperplane. If we consider the exact sequence of sheaves
and we take cohomology, we get the exact sequence
As we have proved that the general hyperplane section of X is non-degenerate, we obtain that rk φ 0 (L) = n − 1 for a general H L . Now, since M 1 (X) and M 1 (X ) are isomorphic as graded R-modules, we also have that rk φ 0 (L) = n − 1 for a general L, and hence the general hyperplane section X ∩ H is non-degenerate.
Since we have proved that X (resp. X ) and its general hyperplane section (resp. the general hyperplane section of X ) are non-degenerate, we have verified that X and X satisfy the hypothesis of Lemma 3.2. We define
Applying Lemma 3.2, we get that
If L * belongs to U X and H L does not contain any fiber of S, then h 0 (H L , I X∩HL (1)) = 0, as we have proved above. Therefore, by Lemma 3.1, V 0 (X) ⊆ A.
On the other hand, since V 0 (X) are isomorphism invariants of the first deficiency modules, we have
But from these inclusions we deduce that for any hyperplane H L containing one of the L i (i.e. L * ∈ X * ), H L contains some fiber of S. But this is not true unless L i are also fibers of S. So X ⊂ S, as we wanted to prove.
The next corollary, generalizing [10] , Theorem 3.1, immediately follows from the Hartshorne-Schenzel Theorem 2.2 and Proposition 4.6: Proof. Assume that there is another rational normal scroll S = S(a 0 , . . . , a k ) ⊂ P N containing X. As X is non-degenerate, S is also non-degenerate, so deg S = c. 1st case: b > c − k + 1. Claim: In S , X is linearly equivalent to aH + bF .
Proof of claim.
If X is linearly equivalent to αH + βF on S , for some integers α, β, then looking at the deficiency modules and using Lemma 4.2 we see that there are two possibilities: 1) β > 1. In this case, again by Lemma 4.2 we see that a = α because a (resp. α) is the first degree for which the Rao module of X is non-zero. Hence we have deg X = ac + b = ac + β, and so get b = β, and we are done.
2) k = 1 and β < 1 − c. We will see that this case cannot occur. Indeed, in this case, looking at the first and last degree in which the Rao module of X is non-zero, by Lemma 4. cannot be 0 (in other words, X cannot be 1-Buchsbaum). The claim is proved.
Since Proof. The theorem classifying varieties of minimal degree (see [5] , [6] ) says that if V ⊂ P N is a non-degenerate irreducible variety of minimal degree, then V is either a rational normal scroll, or a cone over the Veronese surface P 2 → P 5 , or the Veronese surface itself, or a hyperquadric of rank greater than 4.
Since any divisor on a hyperquadric of rank greater than 4, or on a cone over the Veronese surface in P 5 , or on the Veronese surface in P 5 is an arithmetically CohenMacaulay scheme and X is assumed to be r-Buchsbaum with r > 0, we conclude that X cannot be a divisor on any of these varieties. Hence, X is contained on a rational normal scroll S = S(a 0 , . . . , a k ). Moreover, as X is locally Cohen-Macaulay but not arithmetically Cohen-Macaulay, the rational normal scroll S containing it is smooth (see Remark 4.1), so a 0 ≥ 1 and c ≥ k + a 0 ≥ k + 1. Assume that X is linearly equivalent to aH + bF on S. We are now going to check that X satisfies the hypothesis of Theorem 4.9.
As X is r-Buchsbaum, by Lemma 4. 
Therefore X satisfies the hypothesis of Theorem 4.9, and we conclude that S is the unique rational normal scroll containing X. Summing up, we have that X is contained on a unique variety of minimal degree.
Remarks 4.11. (1) As we have seen in the proof of Corollary 4.10, if X is rBuchsbaum with r > max (c − k, 0) and X lies on a variety of minimal degree, then c − k ≥ 1. Hence X cannot be 1-Buchsbaum. In fact, when X is arithmetically Buchsbaum, then X can be contained in more than one smooth rational normal scroll (see [4] ).
(2) The bound r > c − k cannot be improved in general. Indeed, if we consider curves in P 3 (so c = 2 and k = 1), then if X is the union of two skew lines, it follows that X is 1-Buchsbaum (1 = c − k) and X is contained in more than one smooth quadric surface in P 3 . If we consider curves in P 4 , the case of three skew lines is the only case of non-arithmetically Buchsbaum curves not covered by Theorem 4.9 or Corollary 4.10. But if X ⊂ P 4 is the disjoint union of 3 general skew lines, then X is contained in more than one rational normal scroll S(1, 2) ⊂ P 4 . We can construct these rational normal scrolls as follows: X has a unique trisecant line Z, and we consider a plane π ⊂ P 4 such that π ∩ Z = ∅. In this plane π we can find infinitely many conics through X ∩ π such that the rational normal scroll generated by Z and the conic contains X.
The following corollary clearly generalizes [10] , Theorem 3.2: 1) Let X ⊂ P 4 (resp. X ⊂ P 4 ) be a non-degenerate union of 4 skew lines that have a 4-secant line L (resp. L ) and such that there is a hyperplane H L (resp. H L ) meeting X (resp. X ) on a degenerate set of points. Then X (resp. X ) lies on a unique rational normal scroll S = S(1, 2) ⊂ P 4 (resp. S = S(1, 2) ⊂ P 4 ) (we can construct it as in Remark 4.11 (2)). Therefore, according to Corollary 4.12, X and X belong to the same even G-liaison class if and only if S = S . In this case, X and X share the same common 4-secant line.
2) Let C, C ⊂ P N be two smooth, non-degenerate, linearly normal, hyperelliptic irreducible curves. If C, C are r-Buchsbaum with r > 1 and deg C, deg C > 3N −3, then C (resp. C ) is a divisor on a rational normal scroll S ⊂ P N (resp. S ⊂ P N ) and C, C are evenly G-linked if and only if S = S and deg C = deg C . Indeed, in this case there exists a linear system of dimension 1 and degree 2 on C, and we denote by D the divisor defining this linear system. Then we apply [5] , Theorem 2, to C and D, and we get that there exists a rational normal scroll S ⊂ P 
